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Abstract
In this paper we prove that one edge union of k-copies of shell graphs H (n; n− 3) is cordial,
for all n¿ 4 and k¿ 1 and one vertex union of t copies of complete bipartite graph Km;n is
cordial. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let f be a function from the vertices of G to {0,1} and for each edge xy assign the
label |f(x)−f(y)|. Call f a cordial labeling of G if the number of vertices labeled 0
and the number of vertices labeled 1 di9er by at most l and the number of edges
labeled 0 and the number of edges labeled 1 di9er by at most 1.
A shell graph of order n denoted by H (n; n−3) is the graph obtained from the cycle
Cn of order n by adding n − 3 chords incident at a vertex, say u. Let v be a vertex
adjacent to u in Cn. A graph G is called one edge union of k copies of shell graph
H (n; n− 3) if G is obtained by taking the union of k copies of H (n; n− 3) having the
k edges uv′s identi;ed (see Fig. 1).
Sethuraman and Dhavamani [4] have shown that one edge union of shell graphs is
graceful and Koh et al. [3] have shown that one vertex union of t copies of complete
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Fig. 1. One edge union of shell graphs H (n; n− 3).
bipartite graphs Km;n is graceful. In this paper, we prove that one edge union of shell
graphs is cordial and one vertex union of t copies of complete bipartite graphs Km;n is
cordial.
2. One edge union of k copies of shell graph is cordial
In this section we prove that one edge union of shell graphs is cordial.
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Table 1
Vertex labeling one edge union of shell graphs
Form of the number of
vertices (k(n− 2) + 2)
of G
The 0–1 sequence for termwise
matching with the sequence of
vertices of G
Relation between
|V0| and |V1|
4t (t¿1) 0(1100) t−1110 |V0|= |V1|
4t + 1 (t¿1) 0(1100) t |V0|= |V1|+ 1
4t + 2 (t¿1) 0(1100) t1 |V0|= |V1|
4t + 3 (t¿1) 0(1100) t11 |V1|= |V0|+ 1
if n =4r + 1 and k =4‘ + 3
or
0(1100) t10
if n=4r+1 and k =4‘+3 for
some r and for some ‘
|V0|= |V1|+ 1
Theorem 1. For every k¿1 and n¿4, one edge union of k-copies of shell graph
H (n; n− 3) is cordial.
Proof. Let G be one edge union of k-copies of shell graph H (n; n − 3), where k¿1
and n¿4.
Observe that G has k(n−2)+2 vertices and k(n−4)+1 edges. For the convenience
of labeling, the vertices of G are described as in Fig. 1.
Vertices of copies of the shell graph H (n; n−3) are arranged as a sequence in certain
order and then matched with a particular sequence of 0 and 1 thereby showing that
this assignment of 0 or 1 to vertices of G is cordial.
Arrange the vertices of G as a sequence in the following way:
When k is odd, consider the sequence
v1;1; v1;2; : : : ; v1; n; v2; n−1; v2; n−2; : : : ; v2;2; v3;2; v3;3; : : : ; v3; n−1; v4; n−1; v4; n−2; : : : ; v4;2;
v5;2; : : : ; v5; n−1; : : : ; vk−1; n−1; vk−1; n−2; : : : vk−1;2; vk;2; : : : ; vk; n−1:
When k is even, consider the sequence
v1;1; v1;2; : : : ; v1; n; v2; n−1; v2; n−2; : : : ; v2;2; v3;2; v3;3; : : : ; v3; n−1; v4; n−1; v4; n−2; : : : ; v4;2;
v5;2; : : : ; v5; n−1; : : : ; vk−1;2; vk−1;3; : : : vk−1; n−1; vk; n−1; vk; n−2; : : : vk;2:
A particular 0–1 sequence of length k(n − 2) + 2 for the corresponding termwise
matching with the above sequence of vertices of G is given in the Table 1.
Let V0 and V1, respectively, denote the set of vertices (matched with) assigned the
label 0 and the set of vertices (matched with) assigned the label 1.
From Table 1 it is clear that when the number of vertices of G is of the form 4t or
4t+2, the number of vertices assigned the label 0 and the number of vertices assigned
the label 1 are equal while the number of vertices of G is of the form 4t+1 or 4t+3,
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Table 2
Edge labeling of one edge union of shell graphs
Form of the number
n [length of the cycle
Cn in the shell graphs
H (n; n− 3)]
Form of k(n− 2) + 2
[the number
of vertices of G]
The edge labels sequence for the set Relation between
|E0| and |E1|
A B C
n=4r (r¿1) If 4(r−1)k+2k+2 is of the form
4t or is of the form 4t + 2 (t¿1)
(1100)t−1110
if 4t form (or)
(1100) t1 if
4t + 2 form
1(0)k−1 (01)2(r−1)0 in the ;rst copy and
in the remaining k − 1 copies
((10)2(r−1)1)k−1
|E0|= |E1|+ 1
n=4r + 1 (r¿1) When k =4‘, k(4r − 1) +
2=4(4lr− ‘)+ 2 which is of the
form 4t + 2 (t¿1)
(1100) t1 (0110)‘ (01)2r−1 in the ;rst copy and in
the remaining ith copy (01)2r−1 if
‘i’ is even (or) (10)2r−1 if ‘i’ is
odd
|E0|= |E1|+ 1
When k =4‘ + 1; k(4r − 1) +
2; = k(4‘r + r − ‘) + 1 which is
of the form 4t + 1 (t¿1)
(1100) t (0110)‘0 (01)2r−1 in the ;rst copy and in
the remaining ith copy (01)2r−1 if
‘i’ is even (or) (10)2r−1 if ‘i’ is
odd
|E0|+ 1= |E1|
When k =4‘ + 2; k(4r − 1) +
2=4(4‘r − ‘ + 2r) which is of
the form 4t (t¿1)
(1100) t−1110 (0110)‘01 (01)2r−1 in the ;rst copy and in
the remaining ith copy (01)2r−1 if
‘i’ is even (or) (10)2r−1 if ‘i’ is
odd
|E0|= |E1|+ 1
When k =4‘ + 3; k(4r − 1) +
2=4(4‘r−‘+3r−1)+3) which
is of the form 4t + 3 (t¿1)
(1100) t10 (0110)‘010 (01)2r−1 in the ;rst copy and in
the remaining ith copy (01)2r−1 if
‘i’ is even (or) (10)2r−1 if ‘i’ is
odd and i =4‘ + 3 and (10)2r−2
if i=4‘ + 3.
|E0|= |E1|+ 1
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n=4r + 2 4kr+2, which is of the form 4t+
2 (t¿1)
(1100) t1 1(0)k−1 0(10)2r−1 in the ;rst copy
and remaining (k − 1) copies
[(10)2r−11]k−1
|E0|= |E1|+ 1
n=4r + 1 k(4r+1)−2, When k =4‘ k(4r+
1) − 2=4(4‘r + ‘) + 2 which is
of the form 4t + 2 (t¿1)
(1100) t1 (0110)‘ (01)2r in the ;rst copy and re-
maining ith copy (01)2r if ‘i’ is
even (or) (10)2r if ‘i’ is odd
|E0|= |E1|+ 1
When k =4‘ + 1; k(4r + 1) −
2=4(‘r + ‘ + r) + 3 which is of
the form 4t + 3 (t¿1)
(1100) t11 (0110)‘0 (01)2r in the ;rst copy and re-
maining ith copy (01)2r if ‘i’ is
even (or) (10)2r if ‘i’ is odd
|E0|= |E1|+ 1
When k =4‘ + 2; k(4r + 1) −
2=4(4‘r + ‘ + 2r + 1) which is
of the form 4t (t¿1)
(1100) t−1110 (0110)‘01 (01)2r in the ;rst copy and re-
maining ith copy (01)2r if ‘i’ is
even (or) (10)2r if ‘i’ is odd
|E0|= |E1|+ 1
When k =4‘ + 3; k(4r + 1) −
2=4(4‘r + ‘ + 3r + 1) which is
of the form 4t (t¿1)
(1100) t (0110)‘011 (01)2r in the ;rst copy and re-
maining ith copy (01)2r if ‘i’ is
even (or) (10)2r if ‘i’ is odd
|E0|= |E1|+ 1
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the number of vertices assigned the label 0 and the number of vertices assigned the
label 1 di9er by at most 1.
Let A be the set of all edges of G which are incident with v1;1 and B the set of all
edges of G which are incident with v1; n except the edge v1;1v1; n and C the set of all
edges of G neither in A nor in B.
The edges in the sets A; B and C get the edge values 0 or 1. The number of edges
getting the value 0 and the number of edges getting the value 1, respectively, in the sets
A, B, and C will vary depending on length of cycle Cn in the shell graph H (n; n− 3).
Now we describe the number of edges getting the label 0 and the number of edges
getting the label 1 in the sets A, B and C in Table 2.
Let E0 and E1, respectively, denote the set of all edges of G getting the label 0 and
the set of all edges of G getting the label 1.
From Table 2, it is clear that G is cordial.
3. One vertex union of t-copies of complete bipartite graphs
In this section we prove that one vertex union of t-copies of complete bipartite graph
Km;n is cordial.
Theorem 2. Let G be one vertex union of t(¿1) copies of complete bipartite graphs
Km;n. Then G is cordial.
Proof. For the convenience of the labeling, for 16i6t, we denote the vertices of m-
vertices part of ith copy of Km;n in the one vertex union as ui;1; ui;2; : : : ; ui;m and n ver-
tices of the n-vertices part of ith copy of Km;n in the one vertex union as vi;1; vi;2; : : : ; vi; n.
Consider the one vertex union of t copies of complete bipartite graph Km;n at the vertex
ui;1, 16i6t (that is, the vertices ui;1 of the ith copy of Km;n, for all i, 16i6t, are
merged together). We denote this common vertex by u. For the common vertex u we
de;ne labeling ’(u)= 0. For the remaining vertices of G, we de;ne the labeling ’ to
the vertices of ith copy of Km;n, for 16i6n, in Table 3.
From Table 3, it is clear that when t (the number of copies of Km;n in the one
vertex union) is odd, |V0|= |V1| and |E0|= |E1|, while t is even, |V0|= |V1| + 1 and
|E0|= |E1|.
Hence G is cordial.
Discussion. In the Theorem 1, we have shown that one edge union of k copies of shell
graph of order n is cordial, for k¿1 and n¿4. We strongly feel that generalization of
the Theorem 1 must be true, so we pose the following conjecture.
Conjecture. For all k¿1 for any ni¿4, for 16i6k, one edge union of k shell graphs
H (ni; ni − 3) is cordial.
In the Theorem 2, we have shown that one vertex union of t copies of the complete
bipartite graph Km;n is cordial. It will be interesting to understand the question.
Is one vertex union of any t complete bipartite graphs Kmi; ni , 16i6t, cordial ?
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Table 3
Cordial labeling of one vertex union of Km; n
Nature of Vertex labeling function ’ Relation Labeling sequence of edge Relation between
m and n between |V0| ui; pvi; q |E0| and |E1|
and |V1|
’(ui; p)
26p6m
and
p is even
’ (ui; p)
36p6m
and
p is odd
’ (vi; q)
16q6n
and
q is odd
’(vi; q)
26q6n
and
q is even
For each odd
p; 16p6m
and for all
q; 16q6n
For each
even p;
16p6m
and for all q,
16q6n
m and n
are even
1 if i is odd
(or) 0 if i is
even
0 if i is odd
(or) 1 if i is
even
1 if i is odd
(or) 0 if i is
even
0 if i is odd
(or) 1 if i is
even
|V0|= |V1| if
t is odd (or)
|V0|= |V1|+ 1
if t is even
(10)n=2 if i is
odd (or) (01)n=2
when p=1
and for all
p¿1 (10)n=2 if
i is even
(01)n=2 if i
is odd (or)
(01)n=2 if i is
even
|E0|= |E1|
m is even and
n is odd
1 0 0 1 |V0|= |V1| (01)(n−1)=20 (10)(n−1)=21 |E0|= |E1|
m is odd and
n is even
1 0 0 1 |V0|= |V1| (01)n=2 (10)n=2 |E0|= |E1|
m and n are
odd
1 if i is odd
(or) 0 if i is
even
0 if i is odd
(or) 1 if i is
even
1 if i is odd
(or) 0 if i is
even
0 if i is odd
(or) 1 if i is
even
|V0|= |V1|+1 if
t is odd (or)
|V0|= |V1|+1 if
t is even
(10)(n−1)=21 if
i is odd (or)
(01)(n−1)=20
when p=1 and
for all p¿1
(10)(n−1)=21 if i
is even
(01)(n−1)=20
if i is
odd (or)
(01)(n−1)=20
if i is even
|E0|+ 1= |E1|
if t is odd
|E0|= |E1| if t
is even
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